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1 Introduction 



For a long time, many authors have been longing to construct a well-defined 
4D quantum theory of gravity Renormalizability is a big problem that we 

must overcome in such a construction. For this reason, we must make a theory 
of this kind to be diffeomorphism invariant. Furthermore, there are physical 
problems, such as unitarity, and the correct manner to define the S'-matrix in a 
fully fluctuating geometry. As a first step, it should be clarified whether there 
is a model that satisfies the two fundamental conditions of renormalizability and 
diffeomorphism invariance simultaneously. In this paper we give evidence that 
the model proposed in a previous paper jOJ satisfies these two conditions. The 
problem of the S'-matrix and unitarity in our model is also discussed from the 
viewpoint of diffeomorphism invariance at the end of the paper. 

Along another line, there have been developments in the dynamical triangula- 
tion approach flT], |TJ, |19| to a 4-dimensional manifold ^(| |2l| . Recent numerical 



simulations suggest that 4D simplicial quantum geometry with U(l) gauge fields 
is likely to have a phase transition that is of higher order than first |^TJ . Naively, 
if there is a continuum limit of 4D simplicial quantum geometry, it should satisfy 
the conditions of renormalizability and diffeomorphism invariance. 

Diffeomorphism invariant quantum theory is formally defined by the func- 
tional integration over the metric 



[g 1 dg\g[df} g 

vol(diff.) 



exp[-/(/,<7)] , (l.i; 



where / is a matter field and / is an invariant action. The measure of the metric 
is defined by the norm, 

< dg, dg > g = J d L 'xy/ggT 'g Xc \dg^ x dg va + udg^dgxa) , (1-2) 

where u > — l/D by the positive definiteness of the norm. 

Before the middle 1980s, pertubation theory had been naively defined by re- 
placing the covariant measure with the measure defined on the background met- 
ric, g, as [g^^-dgjgldfjg. This replacement, however, breaks the background-metric 
independence, or, a infinitesimal version of it, diffeomorphism invariance. Renor- 
malizability is also related to the problem of the measure. This problem could 
not be overcome even by going to supergravity. It has thus been believed that su- 



perstring theory |22j is a unique candidate for a background-metric independent 



quantum theory of gravity [23 



At the end of the 1980s, a new approach emerged. This theory was formulated 
in such a way as to preserve the background-metric independence, even after the 



2 In this paper all second order fields, except the gravitational field, are referred to as "matter 
fields". 
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measure is re-expressed in terms of one defined based on the background metric. 
Two-dimensional quantum gravity was described exactly by Knizhnik, Polyakov 
and Zamolodchikov (KPZ) and David, Distler and Kawai (DDK) |25| in this 



way. Subsequently, several 2D models, such as dilaton gravity []26], ^7], |28| and 



^-gravity J2§, were studied. The idea can apply to even-dimensional quantum 
gravity, which makes the theory background- metric independent. To do this, we 



must add an action, S, as in Refs. fl6 



[d<p}g[e- h de%[df} 
vol(diff.) 



e W [-S(<j>,g)-I(f,g)\ . (1.3) 



The metric is now decomposed as g^ v = e^g^ and g^ v = (ge h )^ u , where tr{h) = 
0, adopted by Kawai, Kitazawa and Ninomiya |3(| as well as by the present 
author jrjj. The measures of the metric fields are defined on the background 



metric by the following norms: 

< d(f),d(f) >g= [ d D xJ§(d(p) 2 , (1.4) 



< dh, dh >g= J d D x\[g tr{e~ h de h ) 2 . (1.5) 

The action, S, is the contribution induced from the measures, and it is related to 
the conformal anomaly. Note that the existence of an anomaly usually means that 
a classical symmetry breaks down at the quantum level, but now the anomalous 
contribution, S, is needed to ensure diffeomorphism invariance at the quantum 
level. 

The action 5* must satisfy the Wess-Zumino condition |3l| to realize background- 
metric independence, the condition Z(e 2lJJ g(^) = Z(g), referred to as the BMI 
condition in the following, where us and b^ v [with tr(b) = 0] are local functions. 
Since the measure [e~ h de h ]g, itself, is invariant under the change e h — > e~ b e h , 
the BMI condition for the traceless mode represents the condition that g and h 
always appear in the combination g = ge h in the theory ]16 . Although this is a 



rather trivial condition, it implies that when we calculate S, we can guess the h 
dependence if the g dependence of S can be formed. 

In addition to being background- metric independent, namely, invariant under 
general coordinate transformations, 

= ^aV,£ a + guxV^ x - ^g^xi x , (1-6) 

the theory ( |1.3|) should also be renormalizable. In 4 dimensions, S is a fourth 
order function. In this paper we assert that the measure of a 4D gravitational 
field, including S and the fourth order invariant action are uniquely 
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determined by the two conditions. Thus the integrability condition discussed by 
Riegert, Fradkin and Tseytlin ]3^|, which is generalized to the form that can be 



applied to higher loops, should be satisfied. Here, we emphasize that the fourth 
order terms are required for diffeomorphism invariance, and they are by no means 
introduced by hand only for renormalizability, as in previous studies ]|6||-||T2"|. 

This paper is organized as follows. In the next section, as an exercise before 
going to 4D models, we briefly review 2D quantum gravity from the viewpoint 
of diffeomorphism invariance. The KPZ/DDK formula [24, 25] on a spherical 
topology is computed using dimensional regularization. In this model, many fun- 
damental items are included. In section 3 we consider the 4D model proposed 

which is slightly modified here. 



m a previous paper 
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In 4 dimensions the 
traceless mode as well as the conformal mode become dynamical. Perturbation 
theory is applied to the traceless mode, where a dimensionless coupling constant, 
t, is introduced, while the conformal mode can be managed exactly |5U], [TjJ. The 



model studied by Antoniadis, Mazur and Mottola [|T3| , |14j , |15| as an effective the- 
ory of quantum gravity essentially corresponds to our model in the limit t — *■ 0. 
In this section we present evidence that our model is renormalizable and diffeo- 
morphism invariant, in particular satisfying the integrability conditions discussed 
in |32] up to order t 2 , or the two- loop order for the vacuum polarization of the 
traceless mode. Higher order renormalizability is also discussed from the view- 
point of diffeomorphism invariance. At the end of this section we discuss our 
computations of quantum corrections of the cosmological constant up to order 
t 2 , to which diagrams up to 3- loops contribute. The computation is analogous 
to that for 2D quantum gravity, though the equation used to determine the con- 
formal charge of the cosmological constant becomes biquadratic at this order. It 
can be solved perturbatively. We finally estimate the strength of the coupling 
t using the results of recent numerical simulations ||21|| . Section 4 is devoted to 
conclusions and discussion. At the end of that section, we discuss proper manner 
to define the S'-matrix and the method to remove the negative-metric states in 
the fourth order theory required by diffeomorphism invariance. Then, the role 
of the <pF term in the Wess-Zumino action is emphasized in analogy to the 
gauge in spontaneously broken gauge theory. 



Our curvature conventions are R 



fJ,U 



d„Y' 



2 Review of A Two-dimensional Model 

In this section we re-investigate 2D quantum gravity with N massless scalar 



fields, X |24], p5| . Since we wish to extend these arguments to 4 dimensions, 
we do not use conformal field theories here. The Wess-Zumino action S in 2 
dimensions, referred to as the Liouville action, is given by integrating the 2D 
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conformal anomaly as 



SI 



a 

4tt 



a f ft' 
S{<f>,g) = —J d 2 x dcpyfgR 

J d 2 x^(r u d,<pd u <P + R<P) . (2.1) 

Here, the Wess-Zumino condition is denned by 

S{^g) = S{uo,g) + S^-uj,e 2 "-g) . (2.2) 

One can easily prove that 5 satisfies the above equation by dividing the region 
of integration [0,0] into [0,u;] and [uJ,(f>]. 

The coefficient a is determined by requiring diffeomorphism invariance. Let us 
apply the general coordinate transformation Q1.6Q and 5X = £ x d\X to expression 
( |1.3| ). The action I is invariant, so that SI(X,g) = 0, but 5* is not. We obtain 
the following expression: 

6S(<j>,g) = ± J 't?xy/jjv x ?R. (2.3) 

This is easily proved by decomposing the general coordinate transformation into 
two parts, 5 = 5 C + S u , and noting that S is invariant under 5 C , which is a 
transformation law in which transforms as if it were a scalar field on the metric 
g^v such that 5 c g^ u = g^\V v i x + g u \V '^ x and 5 c <p = £ A <9 A 0, while <L is the 
conformal change of the metric g^ v and the local shift of defined by bjg^ = 
2ujg IJiL , and 8 w (j) = —u>, with 

u = ~V x e . (2.4) 



Since £ is infinitesimal, the r.h.s. of fl2.3|) can be expressed as — S(u, g) using 
Thus, ( |2.3| ) is identically the Wess-Zumino condition ( [2.2|) with an infinitesimal 
value Qgp. 

On the other hand, the measure itself is not invariant, due to the fact that 
there is no e 2 ^ factor in the norm, which conformally changes in the form 
[d(J)}( 1+ 2u,)g[e~ h de h }(i + 2uj)g[dX}( 1+ 2u ) )g, where u is given by (f2~^) . This is easily seen 



by applying the general coordinate transformation ( |1.6| ) to the norms defined on 
the background metric as, for instance, 



< d(j}',d(j}' >g= I d 2 x^g(d(j>') 2 

= J d 2 xjg{\ - V A £ A )(d0) 2 =< #, # >(i+2^ , (2.5) 

where 0' = + 50, so that d(f>' = d(f> + C, x d\d(f). In the second equality of ( |2.5| ) . 
the o(£ 2 ) term has been omitted. 
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We first evaluate the measure of the traceless mode. Let us take the gauge- 
fixing condition (Plg)^ = V x g\ fl = to be as usual, where Pi is the projection 
operator to the traceless part such that Sg^ = (Pi£)m^- We then obtain 

= [ e ~ hdeH h det mm-g) ■ (2-6) 
As is wellknown, in two dimensions, the r.h.s. can be further written in the 



form 34 



[dr] (det PiPx) 5 , (2.7) 

where [dr] = [e~ h de h ] g det Pl5(Plg) represents integration over the Teichmiiller 
parameter. Note that this rewriting is equivalent to taking the gauge condition 
as h^ u = up to the zero mode, and hence obtain a gauge-fixing term %B llv h} xv , 
where B^ v is a symmetric traceless field. The ghost action is then given by 
b / j,uSh ll ' / \^\ =c \, which is the well-known frc-ghost system, where b^ v is the anti- 
ghost related to B^ u and c A is the reparametrization ghost. Using the well-known 
conformal property of the P\ operator [B3], we obtain 

[e- h de h ] {1+2w)g = [e~ h de h ] g (l + tPxy/jjv x ?R) . (2.8) 

The measure of <fi is easily evaluated by using the bilinear term of the action, 
I = S + /, as a regulator, which is that of a scalar field. Combined with the 
results for the traceless mode (12. 81) and N + 1 scalar fields, we obtain 



[dX] [1+2w)g [d(f)} {1+2uJ ) g [e h de\ l+2uJ y g exp(-J) 
= (1 - U{u))[dX] g [d<j>] g [e- h de%exv{-Z) , (2-9) 

where 

9E, _ AT r 

U{u) = J d2x ^xeR ■ (2.10) 



Thus, the variation of the partition function ( |1.3| ) w.r.t. the general coordinate 
transformation becomes 

sz = - ea ^- N (f^ x en). (2.1D 



Therefore, the diffeomorphism invariance requires [g5 

a= ^ (25 — N) . (2.12) 

This is equivalent to the condition that the algebra of the energy-momentum ten- 
sor, namely, the Virasoro algebra is closed without central charge at the quantum 
level. 



3 If instead one chooses the ghost determinant as det Pi, one must treat the traceless mode 
as a quantum field |30j . 
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The lower-dimensional operator generally receives a non-trivial quantum cor- 
rection. The cosmological constant operator, A / e a( ^, for instance, where classi- 
cally a = dim[A] = 2, recieves the quantum correction 

a = dim[A] = 2 + 7 A , (2.13) 

where 7a is the anomalous dimension. In the following we consider the pertur- 
bation theory on a in a flat background as e"* = 9 r4 >n , an d we calculate 7a 



using dimensional regularization [13[ 



The combined action in D = 2 — 2e dimensions is 
1 



X = — / d D x\ 

4:71 



a(r v d^d v <p + R<f)) + Ae a<t> + gTd^X^X 



(2.14) 



where the 6c-ghost is omitted. The conformal mode and the constant a are now 
dimensionless, while the field X is of dimension fi~ € , where \x is an arbitrary mass 
scale. The strategy to compute the anomalous dimension using dimensional reg- 
ularization is as follows. Consider the coefficient a in front of the Wess-Zumino 
action to be a bare coupling of dimension fi~ 2e . We carry out a renormaliza- 
tion procedure with a being unknown, and compute the anomalous dimension. 
After regularization we take e — * and substitute the value of a required by 
diffeomorphism invariance into regularized quantities. 

Let us evaluate loop diagrams in the flat background. We can easily see 
that simple poles come only from the one- loop diagram in Fig. 1. The sum 
of the two- loop diagram (a) and the associated diagram (b), with the one-loop 
counterterm insertion shown in Fig. 2, yields only double poles proportional to 
a 4 . The higher-loop diagrams also do not yield simple poles. 




Fig. 1: One-loop contribution to the cosmological constant. 




(a) (b) 

Fig. 2: Two-loop contributions to the cosmological constant. 
The contribution of a one-loop counterterm is also depicted. 
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Hence, the renormalization factor defined by the relation A = Z&A r is com- 
puted as 

a 2 1 a 4 1 . „ . 

Z * = 1 " + 32^ + " " ' < 2 - 15 > 
where a is the dimensionless bare coupling defined by a = afi~ 2e . Since the bare 
coupling, a, should be independent of the arbitrary mass scale, //, we obtain a 
finite value in the limit e — > 0: 

d/i 2a 

This value is exact to all orders of the perturbation. We thus obtain the quadratic 

2 

equation a = 2 + 2-. Solving this equation, we obtain 

a = a - Va 2 - 4a , (2.17) 

where we choose a solution such that a — > 2 in the classical limit a — > oo. 

We now re-explain diffeomorphism invariance in the context of dimensional 
regularization. In the curved background we obtain the one-loop exact countert- 
erm 

25- r D 



AX = J d u x^gR . (2.18) 

From Duff's argument [ 33| , the variation of this counterterm w.r.t. the general 
coordinate transformation, which is now converted into the conformal change of 
the background metric, S^g^ = 2ug liv , gives the conformal anomaly U(u) (|2.10|) , 
because the conformal change in the scalar curvature in D = 2 — 2e dimensions 
is given by the identity 



S U ^9R = -e2oj^JgR = eV A £ A y/gR . (2.19) 

We thus obtain the value ( 2.121) , as explained above. Substituting this value into 
expression ( j2.17| ), we obtain the well-known KPZ/DDK formula [23, 23" for a 
spherical topology. 



3 Four Dimensional Model 



In this section we consider a slightly modified version of a model proposed 
in Ref. |]I6| . In 4 dimensions the Wess-Zumino action becomes fourth order, 
parametrized by the three constants a, b and c in the form 



S(<f>,: 



(4tt) 2 
1 

(4tt) 2 



d 4 x 
d 4 x 



d(j>y/g\a\F + -OR 
r g{aF$ + 260A 4 



bG + cUR 



h[G--UR 



- — (2a + 2b + 3c) ( ^/g-R 2 - Jg~R 



(3.1) 
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where the addition of c is a modification. F is the square of the Weyl tensor, and 
G is the Euler density. They are defined by 



F 
G 



o 

r> -qiivXct a p T3V.V I p2 

ti„.v\<rti — tiKpvft + ti . 



R^ivXa 
^[iisXa 



(3.2) 
(3.3) 



The operator A 4 is the conformally covariant fourth order operator |32|] defined 

by 

3 3 



A, 



D 2 + 2RlM , v ^ 



and satisfying A4 = e'^A^. Thus, in order to ensure diffeomorphism invariance 
in 4 dimensions, the theory must be fourth order in the gravity sector. Only in 
that case is the theory renormalizable also. 

Here, note that R 2 is not integrable w.r.t. the conformal mode, which is the 
reason that the number of the independent parameters is three. This fact is 
related to the integrability condition discussed below. 

Let us apply the general coordinate transformation ( |1.6|) to the theory ( |1.3| ) 
in 4 dimensions. The Wess-Zumino action then changes by 



4(4tt) 



a\F+- OR) +l,G 



cUR 



(3.5) 
2D for the 
(3.6) 

The measure is also not invariant under the transformation ( |1.6|) , which confor- 
mally changes in the form [d(j)\ (1+2^)9 [e~ h de h ] {1+2uJ )g[df] (1+2^)5 with |J1]). The 
coefficients a, b and c are determined by imposing the condition of diffeomor- 
phism invariance, so that the £ dependences from the action and the measures 
cancel out. 

The equations to determine the coefficients a, b and c are now not so simple. 
Consider the case that the £ dependence of the deformed measure can be re- 
expressed in the form (1 — U (u))[d(f)]g[e~ h de h ]g[df]g using the expression of the 
conformal anomaly 



As in two dimensions, this is simply the Wess-Zumino condition 
infinitesimal value 



U(u) 



(4 



7T 



d xJg uj 



- □ R) +b'G + c' □ R 



(3.7) 



The regulator used to evaluate the measures is now the combined action X = S+I, 
which includes the unknown constants a, b and c, so that the coefficients a', b' and 
c' become in general functions of a, b and c. Thus, the BMI condition, U+8S — 0, 
is now expressed by the equations 



a (a, 6, c) = a 



b'(a, b, c) 



c'(a, b, c) 



(3i 
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To be able to impose this BMI condition it is necessary that the £ dependence 
of the measure can indeed be expressed in the above form. This forces the 
matter fields to be coupled with gravity conformally. As for the gravity sector, we 
must consider the fourth order invariant action, whose form is restricted by the 
conditions of renormalizability and diffeomorphism invariance discussed below. 

We consider the following invariant action, including fourth order terms: 

I(A,g) = J 4th + I LE , (3.9) 

where 



'4th 



l LE 



j^ffxrfQiF + die) , (3.10) 
j^y 2 J d 4 x^(-m 2 R + A) + I A (A, g) . (3.11) 

Here, / 4t h is the fourth order part, which could be regarded as being a part of 
the measure. Ile is the usual second order action, which describes low-energy 
physics, m? is the inverse of the gravitational constant, and A is the cosmological 
constant. In this section we consider £7(1) gauge fields as an example. I a is the 
action of the Na gauge fields. 

Above, we introduced the dimensionless self-coupling constant t only for the 
traceless mode in the form [^, 

9r = (ge th %„ = g„x(s\ + th\ + ^{h 2 )\ + •••). (3.12) 

The general coordinate transformation for the traceless mode is then expressed 
as 

+\h\(^ u e - v%) + \h\{y^ x - v x e) + ■■■ , (3.13) 

where £ M = g^ x - The BMI condition ( |3.8| ) can then be solved using a pertur- 
bation in t. 



In the following we consider a model with [16|] 



d= —(2a + 26 + 3c) . (3.14) 
36 

This condition implies that the self-interaction terms of the conformal mode, 
namely R 2 terms in the combined action, cancel out. This model is analogous to 
the 2D quantum gravity discussed in section 2. In this paper we assert that only 
in this case does the theory become renormalizable and diffeomorphism invariant 
simultaneously in the perturbation of the traceless mode, where the coefficients a, 
b and c are uniquely determined by the diffeomorphism invariance. 

4 Note that the coefficient d corresponds to c in Ref . [fL6| . 
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3.1 Renormalization 



To confirm the above assertion, we investigate the renormalizability and dif- 
feomorphism invariance of our model focusing on how crucial condition (|3.14j ) 
is. We use dimensional regularization to regularize our model as a theory on 
the metric g^. Here, we assume the renormalizability of our model and derive 
general formulae for renormalization and diffeomorphism invariance. In the fol- 
lowing subsections, we show that no inconsistency appears in our model, at least 
up to order t 2 . 

In this paper we consider the m 2 = case for simplicity. Thus, the bare 
combined action becomes 



1 = I d ° x ^ g 



260A 4 + aFcj) + b(G - - D R 



+ WF( 2a + 2b + 3c ) R2 + k ^ 

t z 36 



3 

1 +I A (A,g) , (3.15) 



where D = 4 — 2e. The constants a, b and c are considered to be bare couplings 
of dimension fi~ 2e , and t is the bare coupling of dimension fi e . For later use we 
introduce the dimensionless bare quantities a, b, c and t, defined by the relations 
a = a/i~ 2e , b = bfi~ 2e , c = cfi~ 2e and t = tfi e . Here, we set the dimension of the 
conformal mode to zero, while the traceless mode is of dimension 

The renormalizations of the quantum fields and couplings are defined by the 
following relations: 

= ^ /2 0, , W v = Z l h ' 2 hl (3.16) 

and 

a = Z a a r , b = Zf,b r , c = Z c c r , t = Z t t r . (3-17) 

Since the quantum traceless mode must be gauge-fixed to carry out calculations, 
we introduce here a more well-behaved variable, the background field |J5] for the 
traceless mode defined by 

^ = (e'V, (3.18) 

where = 0. The renormalization of the background traceless mode is also 
defined by the relation pH 

h\ = Zfh r \ ■ (3-19) 
On the other hand, since the dynamics of gravitational fields are governed by 
fourth order derivative theory, and matter fields are coupled to gravitational fields 
conformally, the counterterms for the background field become fourth order: 

AJ F = -Pfj^ J d D xJi r F r , (3.20) 

(47T) 

JL 

(4tt) 



A1 G = -PcrxZy J d D x^g r G r , (3.21) 
A1 R 2 = -P^j^, [ d D xJi r R 2 . (3.22) 
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Here F r , G r and R 2 are the square of the Weyl tensor, the Euler density, and 
the square of the scalar curvature written in terms of renormalized quantities, 
respectively. The pole terms, Pp, Pg and P#2, are expanded as 

P F = k+? r ^ + fL}+... , (3.23) 

Pg- 7+^(| + 7) + ••• , (3-24) 

Pr* = 7 + ^ + 7) +••• > ( 3 - 25 ) 

where t r is the dimensionless renormalized coupling. The coefficients f n , g n , l n , 
and so on, are generally functions of the dimensionless renormalized couplings, 
a r , b r and c r . 

The counterterms, AXp and AX^, are conformally invariant at D = 4. In 
particular, ATg becomes topological, which is just an analog of the counterterm 
.18|) in 2 dimensions. In D = 4 — 2e dimensions, the square of the Weyl tensor 



and the Euler density satisfy the following identities [33 



SuyffrFr = -2euy/f r (F r + l a Rr) , (3-26) 

$u>\[§rGr — —'2tUJ\f^ r G r . (3.27) 

On the other hand, the counterterm AZ#2 is not conformally invariant at D — 4, 
because R 2 satisfies the identity 

5uj\fFrR 2 = -Ucu^nR . (3.28) 

This counterterm is related to the renormalizations of the couplings a, b and c, 
and also the integrability condition of the Wess-Zumino action discussed in p2|], 
which is discussed in detail in section 3.3. 

The renormalization of the background traceless mode is now defined by the 
relation 

l 2 F = ^F r - P F F r . (3.29) 
We thus obtain the renormalization factor of the coupling, 

(Z t y 2 = 1 - P F P r , (3.30) 

and the relation 

Z t zl /2 = 1 . (3.31) 
Therefore, the background metric is not renormalized, and hence g riW = g^. 
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3.2 Some results on renormalization factors 



We present here some results on the renormalization factors discussed in the 
previous subsection. Let us first compute the coefficients fo, go and Iq in the 
counterterms. They have already been calculated in Refs. |14|, [16| by considering 
the case t — > in a curved background.^ The interaction terms among quantum 
fields then vanish, and the kinetic terms reduce to conformal invariant ones due 
to condition ( |3.14| ), so that 

l = . (3.32) 
The coefficients f and g are given by the values 

, N A 197 31N A 769 

to — i Qo = • 3.33 

J 20 60 360 360 v ; 

From this we obtain Z t = 1 + + 0(tf), and hence the /3-function 

Since fo is negative, this model is asymptotically free |T(], |j. 

Next, we see that the Wess-Zumino action is likely to be unrenormalized to 
order t 2 .. First, consider the self-energy diagrams of the conformal mode in a flat 
background. The combined action is expanded as 

* = j^y 2 J d D x (C km + 42 + £<£l + 42 + ■■•). (3.35) 

The kinetic terms for the quantum gravitational fields are [] 

£ kin = 2b 4>n 2 4> + ~ h^hr - d»x v d»Xv + (I + (dxX X f , (3.36) 

where x^ = 9 x h^ x , and d is given by (|3.14 ). In this subsection, we take □ = d x d\ 
for simplicity. The interaction terms used here are 

42 = , (3.37) 



42 = 2bt(2d li <pd v n<j> + ^dxcpdvd* 

2 



v * T r 3 



--d^d^dM - 2d (t d v <j>n<i>\ yr , (3.38) 

^12 = 2bt l {u ( j ) d^d v( j ) h\h Xv + dpd^dxd^hrh* 

+ terms including dh ) , (3.39) 



5 



In this calculation we do not specify the background metric to be in the form fl3.18| ) 
Here, we use the relation F = G + 2(R 
gives the kinetic term of the traceless mode. 



6 Here, we use the relation F = G + 2{Rf ,v R IJ , v — \R?)- The second combination of r.h.s. 
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where C^ t is derived from the term — 16 □ Rcj). The vertices C[^ t and are 
from 260A 4 0. These vertices are, of course, decomposed into the renormalized 
ones and their counterterms. 

The propagator of the conformal mode, which is described by a line, is given 

by 

(4tt) 2 u 2e 

For the traceless mode we consider the gauge-fixing term 

1 

c 

where 

= □ V - (- + dt 2 ^j d„d v . (3.42) 

Here, we take the Feynman-type gauge £ = 1 in which the gauge-fixing term 
cancels out the last two of the kinetic terms in ( 3.36 ). Then, the propagator of 



Cgf = — X MJ W » ( 3 - 41 ) 



the traceless mode, which is described by the wavy line, becomes 

m^Wm > ( 3 - 43 ) 

where In is the projection operator to the traceless mode, defined by 

{IhT v m = - ^5 Xa , (3.44) 

which satisfies Ijj = In- The ghost action is given by applying the general 
coordinate transformation to the gauge-fixing condition, which is not coupled 
with the conformal mode. 

Diagrams (a) and (b) in Fig. 3 make contributions of order to Z h Z^ while 
the diagram in Fig. 4, for example, does not contribute, because such a diagram 
now becomes order t^, where the vertices in Fig. 4 come from the terms linear in 
(p. In general, diagrams which make contributions proportional to a^c^i 2 .™ to 
renormalization factors have n — k — I — m loops. 





(b) 

Fig. 3: One-loop contributions of order t 2 . to 




Fig. 4: One-loop, but the t^-order contribution to Z^. 



13 



The IR divergence is regularized by introducing an infinitesimal mass, A, for 
the traceless mode as l/k A — > l/(k 2 + X 2 ) 2 . After taking contractions of the tensor 
indices, we obtain the following contribution from the diagram (a) in Fig. 3: 



d u k 



4> r (k)4> r (-k) 



d U l 



1 



(2tt)^/ 4 ((/ + A;) 2 + A 2 ) 2 
x |6(Z 2 fc 6 + fk 2 ) + 2Al A k 4 - 16(Z • k)(l 2 k A + l A k 2 ) - 20(1 ■ k) 2 l 2 k 
-2(1 ■ k) 2 (l A + k A ) + 8(1 ■ kf(l 2 + k 2 ) + 8(1 ■ k) A 



4- D 
3D 



m A k A + 2A(l ■ k)(l 2 k A + l A k 2 ) + 40(Z • kfl 2 k 2 



-4(/ • k) 2 (l A + k ) - 16(Z ■ kY(l 2 + k ) - 16(Z • k) 



Integrating over / in the brackets, we obtain the divergence in the form 



2b r 



(47T) 



-3^1 _ 



log- 



(3.45) 



(3.46) 



where 4 = - — 7 + log47r. Here, we also compute finite terms for two-loop 
computations given below. The non-local term, log k 2 /fi 2 , does not appear in the 
finite term. 



Diagram (b) in Fig. 3 is rather simple. The two terms in the vertex £ 



(4) 
int ) 

shown in ( |3.39| ), produce logarithmic divergences. The other terms, including 
derivatives of h, give vanishing contributions. Hence, we obtain the following 
divergence: 



2b r 



(4tt) 



k 



, A 2 5 
l0g ^-T2 



(3.47) 



Therefore, the UV divergences as well as the IR divergences cancel out in the 
sum of (|3.46|) and ( p.47|) , and we obtain 



ZhZj, — 1 



(3.48) 



at order t 2 . 

This result is related to the counterterm, AI R 2. Since \fgR 2 produces the 
kinetic term a0 2 a when the background field of the conformal mode g^ u = e 2a 8^ v 
is considered, background-metric independence for the conformal mode implies 
the relations Z a Z a = ZbZ a = Z c Z a of the renormalization factors, where Z a is the 
renormalization factor of the background conformal mode. Since the background 
metric is not renormalized such that Z a — 1, we obtain 



Thus, result ( |3.48| ) leads to 



(3.49) 
(3.50) 
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at order t 2 . Since we do not introduce a coupling for the conformal mode, this 
result implies that the terms of order t 2 in P R 2, Q3.25| ), vanish, so that 



h = l' x = . 



(3.51) 



Here, Zi = is rather trivial, because only the one-loop diagrams contribute to 
order t 2 ., which is a consequence of the cubic and quartic self-interactions of <p 
being dropped, by condition ( ft.14 ). The result ( 3.51|) is evidence that an action 
S satisfying the integrability condition exists at t r ^ 0. This is discussed in 
further detail in the next subsection. 

The relation (|3.31|) to order t 2 implies that the sum of the vertex diagrams (a) 
through (e), shown in Fig. 5, makes a finite contribution. This is likely to be true, 
as in the case of the self-energy diagrams. However, because direct calculations 
would be quite tedious, we need software to take contractions of the tensor indices 
into consideration. 




(a) (b) (c) 





(d) (e) 
Fig. 5: One- loop vertex diagrams to order t 2 . 

Quantum corrections proportional to 3 and 4 , whose terms are absent in 
the action X, arise at order tj. Replacing the wavy external lines of diagrams (a) 
and (b) in Fig. 5 with lines, we obtain corrections to 3 of order tf. Their sum is 
also likely to be finite, as in the self-energy diagrams of <fi. In the same way, the 
divergences proportional to 4 may cancel out. 

Hence, we see that, from ( |3.31|) and ( |3.48|) , the vertices in the Wess-Zumino 



action are likely to be unrenormalized to order t 2 , which implies that non-local 
terms related to such vertices do not appear, and thus the Wess-Zumino action 
does not change form. 
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3.3 Diffeomorphism invariance at two-loop 

In this subsection we discuss the condition of diffeomorphism invariance at the 
two-loop level. To clarify the origin of the interactions, we divide the combined 
Lagrangian into three parts, as follows: 

CP = 260A 4 +^F + C A (A, g) , (3.52) 

C cs = aF(j> + bGcj) , (3.53) 

C NC = -hnR ( f )+ l : (2a + 2b + 3c)R 2 . (3.54) 
3 36 

Here, CP is conformally invariant. Expanding C cs produces conformally invari- 
ant vertices linear in 0. On the other hand, the last one, C NC , yields non- 
conformally invariant vertices. 

The regularized 1PI effective action is divided into three parts as 

T reg ((j) r , g r ) = Z r ((f>r, 9r, A) + V reg ((j) r , g r ) + W reg (g r , A r ) . (3.55) 

Here, finite corrections V reg and W reg come from loop diagrams. The former 
represents corrections to the Wess-Zumino action, and the latter represents cor- 
rections independent of <f), which are related to the counterterms for the traceless 
mode, AZ F> G: R z, and those for matter fields. From the sum of the results ( |3.46| ) 



and ( p.47|) , we obtain V reg = — |t^26 r 0A 4 + • • •. As discussed in subsection 3.2, 



there is no non-local correction in this part. 

Diffeomorphism invariance now implies that the 1PI regularized effective ac- 
tion satisfies the equation 5T reg = 0, or 



5wW reg (g r ,A r ) = j^-- J d 4 x<J~g~ r u} 



a r (l + v a ) (Fr + ^ V r R, 
+b r (l + v h )G r + c r O r R T 



(3.56) 



where to is an infinitesimal value fl3.6| ). The r.h.s. of ( 3.56| ) comes from the 
variation of the actions X r and V reg , where v a and vj, denote contributions from 
SV reg . While Vb has been computed to order t%, with 

v b = --t 2 r , (3.57) 

v a has not. The l.h.s. of ( |3.56| ) corresponds to the anomalous contributions 
from the measures U{uj). Here, SW reg = 8uW reg , because W reg is not include the 
conformal mode 0, so that decomposing 5g^ u into = g^xVu^ x + gu\^^ x 

and b^g^y = 2ug^ u , W reg is invariant under 8 c g^ u . As seen below, (|3.56| ) uniquely 
determines coefficients a r , b r and c r . 
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The background-metric independence of the traceless mode implies that g and 
h always appear in the combination g = ge h . Therefore, it is enough to know the 
g dependence of W reg to solve the condition of diffeomorphism invariance. 

In the following arguments we consider only the g dependence of W reg . We 
here omit tensor indices for simplicity. The Weyl tensor is then described as C 
and C 2 = F, where the subscript r can be dropped, because g r = g. The Euler 
density is also written as G = B 2 . 

Let us consider the W reg part, which is related to three counterterms, Alp, 



Ale and AI R 2. First, we discuss the one-loop case |Q. At this order, only the 
conformally invariant Lagrangian, C c , contributes to the effective action. From 
a dimensional analysis, the one-loop effective action should have the form 

= |/a 4 (^)~ e (~w)i+ (^ 

-> v f 0-F - C log(-0//i 2 )C') + v'fF 

1 A ^ . _ 2 , 



e 



+v g [-G-B log{-a/fi 2 )B )+v'G + o(e) , (3.58) 



where v and v' represent Vf and v g and v't and v' g , related to the conformally in- 
variant counterterms AXp and AXg, respectively. The IR cutoff mass is canceled 
out. Going to the second line, (k 2 )~ e = 1 — elog/c 2 + ^e 2 log 2 k 2 + ■ ■ ■ is used. 
The coefficients Vf and v g have been computed as Vf = fa and v g = go in (|3.33|) . 
Hence, the counterterm can be written as 

AW^ = —-F - —G , (3.59) 
e e 

and the regularized effective action is described as 

W£) = W {1) +AW {1) 

= -foClogi-O/^C - g Blog(-a/fi 2 )B + v' f F +v' g G . (3.60) 

The anomalous contribution is given by the variation of regularized effective 
action with respect to the conformal change as 

SuW^^aoA + boA' , (3.61) 

with 

a = 2/ , b = 2g , (3.62) 
where A = u(F + (2/3) Qi?) and A' = uG. To derive this expression we use the 



following variational formulae [33[] : 



5 U F = -2eA , <L(Clog(-a)C) = -2A + o(e) , (3.63) 
5^G = -2eA' , 5^{B log(-D)S) = -2A' + o(e) . (3.64) 
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Here, note that using the formulae, we obtain the equation S^W^ = 0|] so that 



S'-Wreg = ^.AW^K as used in section 2. 



Hence, substituting the value ( |3.61| ) into the l.h.s. of ( |3.56| ), we obtain the 



values of a r and b r at t r = as ao and 60 • Here, note that ao is always negative 
and 60 is positive, and their sum, d = ^(a + b ), is positive. 

The terms related to the non-conformally invariant counterterm, AXr2 , in the 
regularized effective action in general have the forms R log(— 0/ fi 2 )R and R 2 . The 
term R\og(—d/fi 2 )R breaks the condition of diffeomorphism invariance, ( |3.56| ). 
and therefore it must vanish. This condition is now equivalent to the vanishing 
of Iq, (|3.32| ). This implies that in order for the theory to be diffeomorphism 
invariant, those parts of the action contributing to the one- loop effective action 
should be conformally invariant. This is now ensured by condition ( |3.14| ) 
for the gravitational fields. Matter fields must be conformally coupled to gravity; 
only in this case does the theory become diffeomorphism invariant. Since the 
variation of the R 2 term is proportional to OR fl3.28|) , this term determines the 
value of c r . In the one- loop case, however, the conformal invariance is exact, and 
hence such a non-conformally invariant term vanishes. Thus, the value of c r at 
t r = vanishes. 

Let us analyze the effective action of order t 2 (or order tf for ZfJ. At this 
order, the non-conformally invariant terms in the action contribute to it. The 
effective action of order t 2 is divided into three parts as 



= W^ 2 ~ loop ' ) + ]y( counter ) _|_ w( l - l °°p) 



(3.65) 



where W^ 2 ~ loop ' represents contributions of two-loop diagrams, which are derived 
from the conformally invariant Lagrangian C . The contribution from associ- 
ated diagrams with a one-loop counterterm insertion is represented by w( counter ). 
Furthermore, there are contributions of order t 2 , but they are one- loop diagrams 
described by W^ l ~ loop \ which include the vertices derived from C cs and C NC . 

Since two-loop diagrams have two internal-momentum integrals, from a simple 
dimensional analysis, we find that W^ 2 ~ loop ' > has the following form: 



^(2-loop) 



t - 4 



f< 2 



+ 



-2c 



7 2 

A* 



x 



x 



-2c 



-z + - + x' 

e 2 e 



>?y e (y ,y' „ 
7) [7 2 + 7 + y 



z 



+ - + z' 



(3.66) 



Here, the dependences of the momentum and the IR cutoff mass, (k 2 



-2c 



(k 2 X 2 ^ 



and (A ) , in each term are the features of two- loop diagrams. On the other 

7 Precisely, we have S^W 1 ^ = o(e), which reflects the fact that the conformal invariance of 
L c is violated by o(e) in D dimensions. 
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hand, since the associated counterterm insertion diagrams are one-loop, y^i counter ) 
should have the following form: 



yy (counter) —fi 



Kif fo 



;nf+')+(S rr5+ ' 



h r . (3.67) 



Since the contributions of two-loop diagrams come from the conformally 
invariant Lagrangian C c , the related two-loop counterterms becomes confor- 
mally invariant. The conditions of renormalizability and IR fmiteness give con- 
straints on the coefficients. From the condition that the non-local divergence, 
- log ^2, cancels in the sum of W {2 - loop) and W {counter \ we obtain the constraint 
—2x — y + f Q d = 0. The cancellation of the IR divergences gives the constraints 
y = z = e = and y' + 2z' — foe' = 0. Hence, we obtain the following expression: 

yy(2~loop) _|_ yy(counter) 

■%F -^G+ (x' f - 4 - hd' f )\F + (x' g -z>- f d' g )\G 
+ x f C\og 2 (-n/^)C + x g B \og 2 (-a//2 2 )B 

- (2x' f + y' f ~ f d! f )C]og{-a/^)d - (2x' g + y' g - f d' g )B log(-n//x 2 ) J B 



P 



+ {x" f + y) + z" f )F + {x" g + y" g + z" g )G 



(3.68) 



The diffeomorphism invariance ( |3.56|) requires S U W^ to be proportional to 
the anomaly forms A and A'. This implies that the finite term including the 
square of the logarithm should vanish, so that 

Xf = x g = , (3.69) 

which is equivalent to the vanishing of the double pole in the two-loop coun- 
terterm. Thus, the renormalization factor of the background traceless mode, 
does not have double poles of order tf. On the other hand, using the relation 
between the renormalization factors, ZtZ x J 2 = 1 in (13.311), and the fmiteness of 



the /3-function, one can easily prove that Z~ h does not have double poles of order 
Thus, the relation Z t Z 1 ^ 2 = 1 guarantees that we can impose the condition 
of diffeomorphism invariance at the two-loop level. 

— 1/2 

Furthermore, the relation Z t = Z~ implies that the diagrams with coun- 
terterm insertions at vertices and at propagators cancel each other, and hence 
(counter) V anishes.[] The constraint on the IR divergences now becomes y'f + 

8 Thcre is an analogy in QED, where the renormalization factor, defined by e = Z e e r , satisfies 

1/2 

the relation Z e Z 3 ' = 1 as a result of the Ward-Takahashi identity Z\ = Z^. The regularized 
1PI vacuum polarization does not have log™(— D//x 2 ) with n > 2. (See, for instance, section 
8-4-4 in Ref.f37|.) 

9 Precisely, gauge-fixed renormalization insertion diagrams may be necessary |35i . 
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2z'f g = 0. Therefore, expression fl3.68| ) reduces to the form Q 



/-' 



{x' f -z' f )h + (x> g -z' g )±G 



-2(x' f - z' f )C\og{-n/^)C - 2{x' g - <)£log(-D/// 2 )£ 
+ ( x " f + y " f + z >>)F + {x" g +yl + z>>)G 



(3.70) 



Next we consider the one-loop part of the effective action W^ 1 1oo p\ Re- 
call that it includes the interactions derived from the Lagrangians C cs and 
C NC . Since C NC is not conformally invariant, we must consider here the non- 
conformally invariant counterterm AZ#2 also. From a dimensional analysis, we 
obtain the form 



t 4 - / k 2 

l JLh h A — 

2 Kk \tf 



w 



+ w')h r . 



fl 



w f 



-F -C\og(-a/n 2 )c) +w' f F 



+w 9 (-G - B log(-n//i 2 )5 ) + w' g G 
1 



+wA-R z - R\og(-ti/^)R) + w[R 2 



(3.71) 



Combining contributions (|3.70| ) and (|3.71|) , the two-loop counterterm reads 



AW® 



(3.72) 



with 



fi = %'f ~ z' f + Wf , g[ = x' g - z' g + Wg , l[ = wi . (3.73) 

The regularized effective action, W$ g = + AW^ 2 \ can then be expressed in 
the form 



W {2) 

reg 



— f"C \og(— 0/ fi 2 )C — g'[B log(— Cl//i 2 )_B 
-l^Rlogi-a/^R + Uf F + u 9 G + uiR 2 



with 



fl = 2(x' f - z' f ) + Wf , g'l = 2(x' g - z' g ) + w 



9 ■ 



(3.74) 



(3.75) 



where Uf = x" + y" + z'l + w'j 



/' U 9 



X "q + y'o + Z "a + W 'q an d u l 



w 



The requirement of diffeomorphism invariance is now equivalent to the re- 
quirement that the non-local term i?log(— □//x 2 )i? vanishes, or l[ = 0. This has 

10 Note that, from a dimensional analysis, we cannot say that d UJ W^ 2 ~ loop ' > vanishes. Rather, 
it satisfies ^W^ 2 - 100 '^ = 0. 
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been indirectly verified by computing the self-energy diagrams of the conformal 
mode to order t 2 in subsection 3.2. From the viewpoint of the vacuum polariza- 
tion of h^, this implies that the divergences contributing to l[ in the one-loop 
diagrams, which include the vertices coming from the non-conformally invariant 
Lagrangian, £ , cancel out. As discussed at the end of this subsection, this is 



consistent with the result in Ref.[16 



Furthermore, the non-local term <pn 2 log(— □//i 2 )0, which changes the form 
of the Wess-Zumino action, does not appear in the regularized effective action 
at order t 2 . The background-metric independence of the conformal mode implies 
that the vanishing of this term is equivalent to the vanishing of the non-local 
term R\og(-0/ /j, 2 )R. 

The anomalous contribution at the two-loop level is now given by 

6 U W® = t 2 r {a,A + b,A' + aunty , (3.76) 

with 

ai = 2f( , h = 2g'{ , a = -12u, . (3.77) 
Combining the one-loop results, (|3.56|) is now solved as 



a r (l + v a ) = a + a x t 2 H , 

b r (l + v b ) = b Q + b 1 t 2 , + --- , 

c r = dt 2 r + --- . (3.78) 

The coefficients a±, b± and a are generally functions of the couplings a r and b r , 
while ao and bo are given by the constants. Hence, the BMI condition can be 
solved perturbatively. Substituting the value of Vf, from ( [3.571 ), we then obtain 



b r = b + (b l + -b )t 2 r + -- - , (3.79) 

where b\ is now a function of ao and bo. This equation is used in subsection 3.4. 

At higher order, the conditions of diffeomorphism invariance are expressed as 
the vanishing of the non-local terms: C'log n (— 0/jj, 2 )C (n > 2), B log"(— n/n 2 )B 
(n > 2) and .Rlog n (— □ / )i 2 )R (n > 1). Each term with n > 2 is likely to 
vanish to all orders, as in gauge theories. This is ensured by relation ( |3.31|) . The 
non-trivial condition is the vanishing of the term i?log(— 0//i 2 )i?, which is the 
generalized form of the integrability condition discussed by Riegert, Fradkin and 



Tseytlin ]32[ . This condition does not imply that AX#2 vanishes at higher order. 
This condition may be realized when we substitute the values a r , b r and c r from 
( |3.78| ) into the expression of the regularized effective action. 

This seems to be a trick of dimensional regularization. If there is a regulariza- 
tion defined exactly in 4 dimensions, like the Pauli-Villars method, one would be 
able to compute the effective action substituting the values of the constants a n , b n 
and c n required order by order into the bare action at the begining. Then, such a 
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trick will not be necessary, and we could expect that all divergences will be renor- 
malized into the coupling t and matter fields and other dimensional constants, 
and that the Wess-Zumino action would not change form. 

The difficulty to prove the renormalizability of our model originates from the 
fact that to preserve diffeomorphism invariance, the Wess-Zumino action should 
not change form, while the symmetry to preserve the form of the Wess-Zumino 
action would be nothing but diffeomorphism invariance itself. What can be done 
seems to be merely to check for any self-consistencies of the theory. In this 
paper we have shown that our model can preserve diffeomorphism invariance self- 
consistently up to order tf. (or order tj for Z^). Since an extension to higher order 
would be unique due to the background-metric independence for the traceless 
mode, it is expected that our model preserves diffeomorphism invariance to all 
orders. 



Here we comment on studies by Kawai, Kitazawa and Ninomiya |3D|. While 
we apply dimensional regularization to the theory 1 = S + I ( |1.3|) , defined on 
the metric g, it seems that, as far as using dimensional regularization, one could 
apply it to the theory fll.lj) , defined on the metric g, taking great care with the 
conformal mode dependence, as discussed by them. In their method it is expected 
that the coefficients a r , b r and c r are automatically determined, while our method 
has the advantage that conformal mode dependence is manifest, and hence there 
is an analogy to 2D quantum gravity. The relation between the two methods is 
unclear at present. However, it seems that the two methods might be the same 
in the limit e — > 0, at least up to order t^, because at this order the divergences 
of the self-energy diagrams of the conformal mode cancel out for arbitrary values 
of a r , b r and c r . Detailed analyses of this matter seem to be important to prove 
renormalizability to all orders. 

To determine the values a%, h\ and c\, it seems that we must carry out full 
two-loop calculations. On the other hand, there is a naive argument that the 
regulator of the measure is given by the bilinear term of quantum fields in the 
combined Lagranigan, C = |$</C$ + o($ 3 ), where $< = (fah^AJ. Then, 
using the special property of fourth order operators, we obtain an annomalous 
contribution formally expressed in the form fT6| 

-2Tr(Scoe- £/c ) , (3.80) 



where e is a cut-off. This is essentially a one-loop contribution, and hence it 
determines the values of Wf and w g . The proof in Ref. [0 of the Wess-Zumino 
condition for fourth order operators now implies that Wi (= l[) = 0, which is 
consistent with what we mentioned above. Here, it is worth commenting on 



our previous work. In the proof given in section 3 in Ref.[|16[], it was assumed 



that an action 5* satisfying the integrability condition |32fl exists. Therefore, the 
proof implies that, if it does exist, the variation of the part of the Wess-Zumino 
action S related to one- loop diagrams is given by ( |3.80|) . Applying the proof 
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to our model, existence at t = is guaranteed by condition ( |3.14| ), but not for 
t 7^ 0. However, since the g dependence of S is determined by the background- 
metric independence of the conformal mode, the h dependence of S is uniquely 
determined by the background-metric independence of the traceless mode, as 
mentioned in the Introduction. Thus, the existence of S is guaranteed in our 
model, so that Wi — 0. 

Here we conjecture that only the one-loop diagrams contribute to 8JW reg , and 

SOD is the most simple expression giving 



2u> 5 , because 



thus di = 2wf and b\ 
the Wess-Zumino action at all orders. Using the generalized Schwinger-DeWitt 
technique [12], as in Ref. ||16||, we obtain 



2w f 

2Wn 



18a 2 + 124a b + 109b 2 

726^ 

14 115, 
y ao + -^b . 



(3.81) 
(3.82) 



Here, ui is not calculated. 



3.4 The ^-order corrections of the cosmological constant 

Let us compute the quantum corrections of the cosmological constant, Ae ar ^. 



In 4 dimensions, the constant a should satisfy the equation [13 



a = dim[A] = 4 + 7a , (3.83) 

where 7a is the anomalous dimension. Here, we calculate 7a up to order t 2 . The 
contribution to zeroth order of t r is given by the one-loop diagram in Fig. 1, 
as in the two-dimensional model. The diagrams of order t 2 contributing to the 
renormalization factor proportional to a 2 are the two 2-loop diagrams, (a) and 
(b), and the 1-loop diagram, (c), in Fig. 6. Unlike the two-dimensional model, 
there are contributions proportional to a 3 and a 4 . They are given by diagrams 
(a) and (b) in Fig. 7, respectively. 

11 In Ref. we used the gauge-fixing condition that the conformal mode and the traceless 
mode are mixed. However, this is incorrect, because we did not introduce the coupling t for the 
conformal mode. To ensure gauge independence, we here use the Feynman-type gauge £ — 1 



in ( 3.41 ), and the coefficients a and b are re-calculated. Now, the off-diagonal term in the 
operator K becomes fourth order, but it can be managed in the perturbation by reducing the 
expression of Tr log K, to the formula given in Ref.[jl2| by using an identity like, for example 
□V M K = V M nK -I- 2R a vtif3 ijPV a + i-RV^K,, repeatedly, where the constraints = jg^R 

and V M i? = are imposed as in Ref. [R6[, so that the coefficient c r cannot be determined. 
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Fig. 6: Contributions of order t 2 proportional to a 2 . 





(a) (b) 
Fig. 7: Contributions of order t 2 proportional to a 3 and a 4 . 

All of the contributions from Fig. 1, the sum of (a) and (b) in Fig. 6, and 
the other three ones, (c) in Fig. 6 and (a) and (b) in Fig. 7, are proportional to 
the tadpole-type integral J d D k/k A . They thus yield only simple poles, which are 
summarized as 

/ 1 7 t 2 t 2 \a 2 1 t 2 a 3 It 2 a 4 

Z A - 1 = -( -i- + —b- + hL )SL + J—b- L —b— . (3.84) 

\8b r S2b r 96 J e 1152 b r e 3072 b 2 e V ; 

The first term in the parentheses of the r.h.s. comes from the one-loop diagram 
in Fig. 1, and the second term comes from the sum of the two-loop diagrams, 

(a) and (b) in Fig. 6. The third in the parentheses is the contribution from the 
one-loop (but order t 2 ) diagram (c) in Fig. 6. The last two terms on the r.h.s. 
come from (a) and (b) in Fig. 7, respectively. 

There is no counterterm insertion diagrams, because all subdiagrams (namely, 
the sum of (a) and (b) in Fig. 3, the sum of (a) and (b) in Fig. 8, and (c) itself 
in Fig. 8) give finite contributions. Furthermore, diagrams (a) and (b) in Fig. 9 
each gives a finite contribution. The finiteness of the sum of diagrams (a) and 

(b) in Fig. 8 and of (c) in Fig. 8 is also evidence of renormalizability. 



24 



(a) (b) (c) 

Fig. 8: Diagrams which give finite contributions I. 




(a) (b) 
Fig. 9: Diagrams which give finite contributions II. 

The sum of the diagram of type (a) and associated counterterm-insertion 
diagrams (b) and (c) in Fig. 10 does not yield simple poles, where the diagram 
with the gray circle shown in Fig. 11 stands for the diagrams in Figs. 1, 6, 7, 8 
and 9. If the gray part is a finite diagram, there is no counterterm of type (c) 
in Fig. 10, and the sum of the diagrams becomes finite. If the gray part is a 
divergent diagram, the sum of the diagrams yields only double poles, which only 
play the role to make an anomalous dimension finite. 




(a) (b) (c) 

Fig. 10: Diagrams that give double poles or finite contributions. 




Fig. 11: Symbolical description of Fig. 1 and Figs. 6-9. 
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Hence, we obtain the anomalous dimension up to order t 2 as 



la 2 ofla 2 a 2 la 3 1 a 4 \ ln n _s 

7A = 46; +t 486; + 48 - 288 6; + 5T2^J • (3 - 85) 

The contributions proportional to a n with n > 4 appear at order tj and higher. 

Until now, we have not specified the value of b r , which is required by diffeo- 
morphism invariance. Doing so, we obtain 



la 2 9 / bid 2 7 a 2 a 2 la 3 1 ct 4 \ . . . 

7A= 4^ + ^r4^ + l^^ + 48" 288^ + 512^ ) " 



Thus, ( p.83| ) becomes biquadratic at order t 2 . 

The cosmological constant should be physically real. Supposing that there is 
a real solution for the biquadratic equation, it can be solved perturbatively as 
a — Hn a nt 2n - We then obtain 



a,-, 




= ~^=r\ ( -73 + ~ + ~. K - Ws f o + , (3.87) 

where we choose the solution of «o so that «o — ► 4 in the classical limit, bo — > oo. 

Let us compare our model with the dynamical triangulation approach to 4D 
quantum gravity. In this approach there is no ambiguity choosing the measure, 
unlike with Regge's calculus. Furthermore, although this lattice model has pa- 
rameters corresponding to the gravitational constant and the cosmological con- 
stant, there is no dimensionless coupling t r , unlike in the usual lattice gauge 
theories. This indicates that, in continuum theory, the measure of a gravita- 
tional field including fourth order parts may be uniquely determined. Here, we 
estimate the strength of the coupling constant t r realized in recent "numerical 



experiments" [pl| , which suggest that a is imaginary for A^^ = but becomes 
real for iV^ > 1. 

Recall that bo is slightly greater than 4 for a small value of iV^. Thus, «o is 
close to 8. Therefore, the a 3 - and a 4 -terms and also the third term proportional 
to a 2 in the parentheses of ( |3.86D are estimated as having a value on the order 



o(l) x t 2 , while the second term in the parentheses, which comes from the sum of 
the two-loop diagrams (a) and (b) in Fig. 6, is more than 10-times greater than 
them. Therefore, we neglect the terms proportional to a 3 and a 4 . Then, the 
equation reduces to a quadratic form, and we obtain the following discriminant: 

J = b + (&i--&o)t?-4 • (3.88) 
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The results of the simulations pTJ] can now be described as J < for Na. 
J > 4 for N A > 1. If 6 a 



0, but 



2w 9 is assumed,0 there is a solution of the inequality, 
and we obtain the relation 0.025 < t 2 r < 0.040 for the coupling constant. If b\ is 
neglected, the central value shifts by about +0.01. Expression ( p.87|) is valid in 
this region. 



4 Conclusions and Discussion 

In this paper we considered the problems of renormalizability and diffeomor- 
phism invariance in a 4D quantum theory of gravity. We considered a pertur- 
bation theory for the traceless mode, where the dimensionless coupling constant 
t was introduced, while the conformal mode was managed exactly. We found 
evidence that there is a model that satisfies the two conditions of renormalizabil- 
ity and diffeomorphism invariance simultaneously; it is uniquely determined to 
be model (|3^ ) with ( [3.14j ) if we do not introduce fourth order fields, except for 
metric fields. In particular, the vanishing of l\ and l[ in ( p.25|) , which is required 



by the integrability condition discussed by Riegert, Fradkin and Tseytlin [p2]| , 
gives a breakthrough to the two-loop renormalizability of 4D quantum gravity. 

Our conclusion seems to be plausible from the viewpoint of 4D simplicial quan- 
tum geometry, because dynamical triangulation chooses a measure uniquely, and 
therefore the measure of the corresponding continuum theory may be determined 
uniquely. We expect that it may be given by the fourth order parts of our model. 

The fourth order model in 4 dimensions is quite similar to the second order 
model in two dimensions. We can rather easily compute the quantum corrections 
of the cosmo logical constant up to order t 2 , as in the case of 2D quantum gravity, 
and we obtain the biquadratic equation ( |3.83|) with ( |3.86|) . Quantum corrections 



of the Einstein-Hilbert term are also quite important. Determining these is a 
future project. 

In this paper we did not consider gauge interactions, such as QED and Yang- 
Mills theories. If gauge couplings are introduced, one has to add a new coupling, 
Kc^Tr^F^F^), to the action S. The coefficient k then becomes a function of the 
gauge coupling, determined from the non-local logarithmic terms of the regular- 
ized vacuum polarizations of gauge fields. 

To this point, we have focused only on the two fundamental conditions of 
renormalizability and diffeomorphism invariance. Theories satisfying these two 
conditions could be called "quantum geometry" rather than "quantum gravity" . 
To discuss quantum gravity, which should describe our universe, we need to define 
the S"-matrix. 



2 Note that 2w g is negative and that |2u> g | is less than 6 for small Na- 
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gravity emissions 



matter emissions 



Fig. 12: Image of the S'-matrix of a fire ball/black hole formation 
and evaporation. The lines with arrows denote matter fields. 
The wavy lines are gravitational fields in the low-energy 
asymptotic region. In the fire-ball region, the fourth order 
terms are turned on. 

Recall, as computed in section 3.4, the cosmological constant receives non- 
trivial quantum corrections, because the propagators of the gravitational modes 
are proportional to l/k 4 , and tadpole-type diagrams have logarithmic diver- 
gences. This is one difference between the fourth order theories and second order 
theories merely with negative-metric states. One can define diffeomorphism- 
invariant correlation functions in such a fully fluctuating geometry. However, 
when one attempts to define the S'-matrix, one encounters the problem of how 
to define the asymptotic states for the gravitational modes. Since the states are 
always dressed by the conformal mode when the fourth order kinetic term of the 
conformal mode exists, it seems that one has to consider an unusual interaction 
picture in which the fourth order parts are turned off in the asymptotic region, as 
in a picture of a quantum black hole, where an asymptotically flat region exists 
(Fig. 12) ||38|| . In this picture, negative-metric states in the fourth order terms 
required by diffeomorphism invariance do not appear in the low-energy asymp- 
totic region, because there, gravity is ruled by the Einstein-Hilbert term. Hence, 
the negative-metric state is unstable and seems to be confined in the internal 
high-energy region, where the fourth order terms are turned on |3^, |9|, |4"0|| . 

More directly, as a consequence of the background-metric independence, or 
diffeomorphism invariance, the presence of the (pF term in the action implies 
that we can remove the Weyl term, F, by shifting the conformal mode by a 
constant. Thus, although in this "gauge" the theory becomes unrenormalizable, 
we can remove the negative-metric state for the traceless mode. This situation 
is somewhat reminiscent the argument of the gauge in spontaneously broken 
gauge theory [[41]. 



Let us compute the degrees of freedom in this case. We must now treat the 
R 2 term and the Einstein-Hilbert term. Then, the gauge-fixing term x^Xn m 
( |3.41| ) is not necessary. Hence, N^ v is proportional to —d^d u + m' 2 S^ v , where 



m' 2 originates from the Einstein-Hilbert term, which is proportional to m 2 . The 
ghost determinant is now given by det 1 ^ 2 (— d^d u + m' 2 <5^) det M^J 1 , where MjfJ 1 
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is the usual second order ghost operator of diffeomorphism invariance defined 
by the relation Af^f = 5x»\h=o- Note that det(-9,A + m' 2 5^ v ) = det(-D + 
?n' 2 )|a scalar (see, for instance, Ref.fll2"f), so that the number of ghost degrees of 
freedom is 4 + 4 + 1 = 9. Hence, the total number of degrees of freedom becomes 
2x1 + 9 — 9 = 2. Thus, the negative-metric state related to the conformal mode is 
also removed by ghosts. We expect that in the general case, the negative-metric 
states for the traceless mode may be confined, due to diffeomorphism invariance. 
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